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ABSTRACT
In this paper we introduced new types of spaces asalmost weak CJ-space, semi strong CJ-space and semi weak CJ-
space. also we studied the relationship between them and the relation of them withalmost CJ-space and almost
strong CJ-space, and the relation of them with almost CJ- space and almost strong CJ- space researched by N.A.
Dawood and S.G. Gasim..
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. INTRODUCTION

In [1] E.Michael introduced the concepts of J-space and strong J-space. A topological space X is a J-space if,
whenever {A, B} is a closed cover of X with AN B compact, then A or B is compact. A space X is a strong J-space if
every compact Kc X is contained in a compact Lc X with X\L is connected. Michael also introduced three classes of
spaces which are closely related to J-space and strong J-space, these spaces are semi strong J-space, weak J-space and
semi weak J-space.

In this paper we introduced three types of spaces which are almost semi strong CJ-space, almost weak CJ-space and
almost semi weak CJ- space.

Recall that, a space X is said to be compact if every open cover of X contains a finite subcollection that also covers
X, and every closed subspace of a compact space is compact, see [2].

A topological space is said to be countably compact if every countable open cover of it has a finite subcover, see [3].
Also in [3] we can see that , a continuous image of a countably compact space is countably compact, and Countably
compactness is weakly hereditary property.

Every compact space is countably compact. But the converse is not true, in general, see [4].

A connected space is a topological space X which cannot be represented as the union of two disjoint nonempty open
sets. The continuous image of a connected space is connected, see [5].

A perfect map f: X — Yisaclosed, continuous and onto map with f_1 (y) compact in X for every y € Y, see

[6].

A map f: X > Yiscalled boundary - perfect if it is closed and if af_l (y) is compact for every y € Y, see [1].
All maps in this paper are continuous, and all spaces are assumed Hausdorff.
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1. ALMOST SEMISTRONG CJ- SPACE, ALMOSTWEAK CJ-SPACEAND ALMOST
SEMI WEAK CJ- SPACE

Definition 2.1: A topological space(X, T)is an almostsemi strong CJ- space if every compact KcX contained ina
countably compact L, € X'such that L U C = X for some connected C < X\K.

Definition 2.2: A topological space (X, T)is said to be an almostweak CJ-space if, whenever {A, B, K}is a
closed coverof X with Kcompact and A(1B = @, then A or B is countably compact.

Definition 2.3: A topological space (X, T)is said to be an almostsemi weak CJ-space if, whenever Aand B are
disjoint closed subsets of X with compact boundaries, then A or B is countably compact.

Synchronizing with this research we are studying another research, which includes two definitions, almost CJ-
space and almost strong CJ- space, we will examine the relationship of our definitions of these two definitions and
their relationship with each other. We start by mentioning the two definitions.

Definition 2.4: A space X is said to be almost CJ- spaces if, whenever {A, B} is a closed cover of X with ANB
compact, then A or B is countably compact.

Definition 2.5: A space X is said to be almost strong CJ- space if every compact Kc X is contained in a countably
compact Lc X such that X\L is connected.

Lemma2.6: If Bisaclosed non- countably compact subset of any topological space X and Cc B is compact,
then there isa closed non- countably compact Dc B with DNC = @.

Proof: Let U bea countably open cover of B with no finite subcover , and let C c B be a compact, then Ais

an open cover of C. Pick a finite S C U coveringC. ThenD = B \ U Sis a closed non—countably compact
subset of BwithD N C = @.

Theorem 2.7: Let X be any topological space, then the following conditions are equivalent:
1. X isanalmost CJ-space,
2. For any AcX with compact boundary, cl(A) or cl(X\A) is countably compact,
3. If A and B are disjoint closed subsets of X with OA or B compact , then A or Bis countably
compact,

4. If KX is compact, and if ¢» isa disjoint open cover of X\K ,then X\W is countably compact
for some W € wr,
5. Same as (4), but with card w = 2.

Proof:
(1) = (2): Let AcX such that 0A is compact. Note that {cl(A),cl(X\A)} is a closed cover of X with
O0A=cl(A)Ncl(X\A) is compact, so cl(A) or cl(X\A) is countably compact by definition of almost CJ-space.

(2)= (3): Let A and B be disjoint closed subsets of X and suppose that A is compact , it follows by (2)

that cl(A) or cl(X\A) is countably compact . But cl(A) =A, and B is a closed subset of cI(X\A) , so A or B is
countably compact.
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(3) = (2): Let {A, B} be aclosed cover of X with ANB is compact, we have to show that A or B is countably
compact . Suppose that B is non-countably compact and since ANBcB is compact, so by lemma (2.6) there is a
closed non- countably compact DcB such that DN(ANB)=4, it follows that DNA=@ . Thus A and D are
disjoint closed subsets of X and OA is a closed subset of ANB and thus compact. By (3) A or D is countably
compact, but D is non- countably compact. Hence A must be countably compact.

(4) = (5): Clear.

(5) = (4): Let KcX be compact and let 1+ be a disjoint open cover of X \ K. To show that X\W is countably
compact for some W € 4 we shall follow three demarches.

First, we prove that if U is open subset of X containing K, then 4 = {W € w:W & U} is finite.
Suppose that it is not finite, then 2 = W; U Whwith W; N W, = @ and Wy N w' andW, N
w both finite,

Let V; =UW; and V, =U W, , then {V,V5} is a disjoint open cover of X\K , so by (5) X\
V; or X\\V, is countably compact , but V; € X\V, and V, € X\V; since V; andV,are disjoint. It
follows that cl(V;) € cl (X\V,) = X\V, and cl(V,) S cl (X\V;) = X\V;, sowe get c1(V;) or

Cl(VZ) is countably compact (since closed subset of countably compact is countably compact).

Suppose that C](Vl)ls countably compact, then C = cl(V;)\U is countably compact. Now let 1r ; =
W; n w then 11 covers Candeach W € w ' intersects C, so C is not countably compact since w1 is

infinite and disjoint , which is a contradiction. Hence ¥ is finite.

Second , we show that if cl(W) is countably compact forall W € 4, then X is countably compact. Let V'
be a countably open cover of X, then V is a countably open cover of K, which is compact , so V has a finite

subcover JF covers K. Let U = U F, by step one we get a finite family w = {(Wew: W& U}, s

U{CI(W) W e w } is countably compact and since V' is a countably open cover of it therefore it is
covered by some finite EcV . But UECV is finite and covers X, so X is countably compact.

Finally,let us show that X\W is countably compact for some Wew.If cl(W) is countably compact for all Wew,
then X is countably compact by step (2) and since X\W is a closed subset of X , so X\W is countably compact.

Suppose that there exists Wo € W such that Cl(WO) is not countably compact.

Let W* =U {W € w: W #= Wy}, then, {Wy, W*}is a disjoint open cover of X\K,so X\
Wy or  X\W™ is countably compact, by (5). If X\ W™ is countably compact, and since c1(W]) is a closed
subset of X \W™, so cI(Wj) is countably compact which is a contradiction, so X\ W™ is not countably
compact , it follows that X\ W, is countably compact.

(5)= (1): Let {A,B} be a closed cover of X with ANB compact , then {X\A,X\B} is a disjoint open cover of

X\ANB, then by (5) X\(X\A ) or X\(X\B) is countably compact , that is A or B is countably compact . Hence X is
CJ-space.
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(1)=> (5): Let KX be compact and let {W;, W, } be a disjoint open cover of X\K, then {X\ Wy, X\W, } isa
closed cover of X withX\W; N X\W, = X\(W; UW,) compact, since X\K € W; U
W, ,and so X\(W; UW,) c K which is compact and by the closed subset of compact space is
compact. But X is almost CJ-space, so X\W; or X\ W, is countably compact.

Theorem 2.8: Consider the following properties of a topological space (X, T),
a) X isan almost strong CJ- space.
b) X s an almostsemi strong CJ- space.
c) Xisanalmost CJ- space.
d) Xisan almost semi weak CJ- space.
e) Xisan almost weak CJ-space.

Then (a)=(b)=(c)=(d)=(e)

Proof: (a)=(b)

Suppose that X is an almost strong CJ- space and let KX be compact, then there exists a countably compact subset
L of X such that KcL and X\L is connected by definition of almost strong CJ-space. Pick C= X\L, then C is
connected and Cc X\K since Kc L, and CUL= X. Hence X is an almostsemistrong CJ- space.

(b) = (c)

Let X be an almost semi strong CJ- space and let {A, B} be a closed cover of X withAB compact, so
there exists a countably compact L © X such that A(1B € L and there exists a connected subset C of X with
C c X\ ANBand CUL = Xby definition of almost semi strong CJ- space. Note that

(ANC) N (BNC) = (ANB) N C = @sinceC © X\ ANB, and that

(ANC)U (BNC) = (AUB)NC = XNC = Cso we get a disjoint closed cover
{ANC, BNC} of Cwhich is connected, therefor C must be in ANC or in BNC, then CNB = @or CNA =
@, it follows that

B € X\C c LorA c X\C c Lwhich is countably compact, so A or B is countably compact.

(c) = (d)

Suppose X is an almost CJ- space and let A, B be two disjoint closed subsets of X with compact boundaries, then A
or B is countably compact by Theorem (1.7) Thus X is almost semi weak CJ-space.

d)=(e)

Assume that X is an almostsemi weak CJ- space and let {A, B, K} be a closed cover of X with K compact and

ANB = @. But dA and 9B are closed subsets of K sinceA° = B U (K\K N A) and 0A = 0AS,

so JA = O(B U (K\Kn A)) s0dAc KNAC K, similarly we can prove that Bc K, and thus A and 9B
are compact, it follows by (d) that A or B is countably compact. Hence X is almost weak CJ- space.

Theorem 2.9: A locally compact space is an almost weak CJ- space if and only if it is an almost CJ-space.
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Proof: By Theorem (1.8) every almost CJ- space is an almost weak CJ-space, suppose, then, X is a locally compact
almost weak CJ- space, and let {A, B} be a closed cover of X. But X is locally compact so A N B < Int(k),
for some compact K € X. LetA* = A\ Int(K) and B* = B\ Int(K), then {A*, B*, K} isa closed
cover of X with K compact and A" N B* = @, it follows by definition of almost weak CJ- space, that
A*or B” is countably compact, then A* U K or B* U K is countably compact since K is compact, and thus

countably compact. But A and B are closed subsets of A* U Kand B™ U K respectively, so A or B is
countably compact. Hence X is an almost CJ- space.

Proposition 2.10: If X is an almost CJ- space andZ = X U {Zo}, then Z is an almost semi weak CJ- space.

Proof: Let A, B be two disjoint closed subsets of Z with compact boundaries, thenZo & A or Zo & B. Suppose
thatZo €& B and let E= cl(X\B), then {B,E} is a closed cover of X with EN B= @B which is compact, so B or E is

countably compact since X is almost CJ- space. But Ac EU{Zo}, so A or B is countably compact, and thus X is an
almost semi weak CJ- space.

Proposition 2.11: Let {X1, X5} be a closed cover of a topological space X withX1/) X5 non- countably
compact. If Xqand X, are almostweak CJ- spaces, then so is X.

Proof: Let {A, B, K} be a closed cover of Xwith A1 B = (@and K is compact. To prove Aor B is countably
compact, let A; = AN X; and B; = BN X; and K; = KN X, for i=1,2. Then {A;, B;, K} is a
closed cover of X; with A; N B; = @ and K; is countably compact. Now by using the fact saying that
X1 is almost weak CJ- space, we get A1 or Bl is countably compact. Suppose that B1 is countably compact, we
claim that BZ is also countably compact, for if Bz is not countably compact, so AZ must be countably compact
since X5 is an almost weak CJ- space, it follows that C = A, U By U Kiis countably compact, but X1 X,
is a closed subset of C, so X1 [1 X5 must be countably compact which is a contradiction. Thus B = By U By is
countably compact. Similarly we can prove that A is countably compact whenever A1 is countably compact.

Proposition 2.12: Let {Xl,XZ} be a closed cover of a topological space X Witthﬂ Xz non- countably
compact. If X1 and XZ are almost semi strong CJ- spaces, then so is X.

Proof: Let K X be a compact and let K; = K N X;, thenKis a closed subset of K, and thus compact subset of
the almost semi strong CJ- space X, so there exists a countably compact subset L; of X such that K; € L; and
there exists a connected subset C; of X; suchthat C; € X;\K; and L; U C; = X;(for i=1, 2) by definition

of almost semi strong CJ- space. Now let L = L; U L, and C = C; U C,, so L is a countably compact
subset of X with Kc L and CUL=X and Cc X\K. It remains to show that C is connected, we need only cheek that

C1NCy # @ since C;and C; are connected. Note thatX1 (1 X \L # @, for if X1 X, \L = @, then
X1M X, is a closed subset of L which is countably compact, so X1 () X5 is countably compact which is a
contradiction. Also we haveX;\L € X;\L; € C;,so (X; N X,)\L € C;NC,, andthus C{NC, #
@. Hence C = C; U C,, is connected. Therefor X is an almost semi strong CJ- space.
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Proposition 2.13:Let f: X — Ybe an injective perfect map onto Y. Then, if X is an almost semi strong CJ-
space, sois Y.

Proof: LetK C Ybe compact, thenK = 1 (K) is a compact subset of X since f is perfect. But X is an almost
semi strong CJ- space, so there exists a countably compactL’ C X such that K € L and a connectedC
X\K’with CuUL =X by definition of almost semi strong CJ- space. Now let L = f(L’) and C =
f(C,), then L is countably compact and C is connected since f is continuous, moreover K C L since f is
surjective and C C Y\K since f is injective and clear that L, U C = Y. Hence Y is an almost semi strong CJ-
space.

Theorem 2.14: The following properties of a space X are equivalent:
a) X san almostsemi weak CJ-space.

b) 1ff: X — Yis boundary- perfect, then f-1 () is non- countably compact for at most one ye Y.

Proof:(a) =(b)

Suppose that X is an almost semi weak CJ-space and Y1 # Vo in Y, and let A; = f_l(yi) (for i=1, 2).
Then Ajand A,are closed subsets of X withA; N A, = @ and A, A, are compact since f
is boundary- perfect, so A1 or AZ is countably compact by definition of almost semi weak CJ- space.

(b) =(a)
Suppose Ajand A,are disjoint closed subsets of X with compact boundaries. Define a relation R
onXsuchthatXx Ry © X,y € Ajorx,y € A,.

Al ifx € Al
Then [x] =< Ay ifx € A,
{x} ifx ¢ Ajandx & A,

Let Y be the quotient space of X with respect to the relation R, and let f:X = Y be the quotient map, so fis a
closed, continuous and onto map. Now to show that f is boundary- perfect, it is sufficient to prove that

a(f_l(y)) is compact for each yeyY : Let yeYy, then
Al ifx € A1
f~1(y) ={ A, ifx € A,

{y} ifx ¢ Ajandx € A,

But 0A1, 6A2 are compact by hypothesis and [{y} is also compact, so f is boundary- perfect, and thus
A1 or A2 is countably compact by (b). Hence X is an almost semi weak CJ- space.
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